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Introduction
1C H A P T E R

Prologue

The finite element method is a numerical method for solving problems of engineering
and mathematical physics. Typical problem areas of interest in engineering and math-
ematical physics that are solvable by use of the finite element method include struc-
tural analysis, heat transfer, fluid flow, mass transport, and electromagnetic potential.

For problems involving complicated geometries, loadings, and material proper-
ties, it is generally not possible to obtain analytical mathematical solutions. Analytical
solutions are those given by a mathematical expression that yields the values of the
desired unknown quantities at any location in a body (here total structure or physical
system of interest) and are thus valid for an infinite number of locations in the body.
These analytical solutions generally require the solution of ordinary or partial differ-
ential equations, which, because of the complicated geometries, loadings, and material
properties, are not usually obtainable. Hence we need to rely on numerical methods,
such as the finite element method, for acceptable solutions. The finite element formu-
lation of the problem results in a system of simultaneous algebraic equations for solu-
tion, rather than requiring the solution of differential equations. These numerical
methods yield approximate values of the unknowns at discrete numbers of points in
the continuum. Hence this process of modeling a body by dividing it into an equiva-
lent system of smaller bodies or units (finite elements) interconnected at points com-
mon to two or more elements (nodal points or nodes) and/or boundary lines and/or
surfaces is called discretization. In the finite element method, instead of solving the
problem for the entire body in one operation, we formulate the equations for each
finite element and combine them to obtain the solution of the whole body.

Briefly, the solution for structural problems typically refers to determining the
displacements at each node and the stresses within each element making up the struc-
ture that is subjected to applied loads. In nonstructural problems, the nodal unknowns
may, for instance, be temperatures or fluid pressures due to thermal or fluid fluxes.
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This chapter first presents a brief history of the development of the finite element
method. You will see from this historical account that the method has become a prac-
tical one for solving engineering problems only in the past 50 years (paralleling the
developments associated with the modern high-speed electronic digital computer).
This historical account is followed by an introduction to matrix notation; then we
describe the need for matrix methods (as made practical by the development of the
modern digital computer) in formulating the equations for solution. This section dis-
cusses both the role of the digital computer in solving the large systems of simulta-
neous algebraic equations associated with complex problems and the development of
numerous computer programs based on the finite element method. Next, a general
description of the steps involved in obtaining a solution to a problem is provided.
This description includes discussion of the types of elements available for a finite
element method solution. Various representative applications are then presented to
illustrate the capacity of the method to solve problems, such as those involving com-
plicated geometries, several different materials, and irregular loadings. Chapter 1
also lists some of the advantages of the finite element method in solving problems of
engineering and mathematical physics. Finally, we present numerous features of com-
puter programs based on the finite element method.

d 1.1 Brief History d
This section presents a brief history of the finite element method as applied to both
structural and nonstructural areas of engineering and to mathematical physics. Refer-
ences cited here are intended to augment this short introduction to the historical
background.

The modern development of the finite element method began in the 1940s in the
field of structural engineering with the work by Hrennikoff [1] in 1941 and McHenry
[2] in 1943, who used a lattice of line (one-dimensional) elements (bars and beams)
for the solution of stresses in continuous solids. In a paper published in 1943 but not
widely recognized for many years, Courant [3] proposed setting up the solution of
stresses in a variational form. Then he introduced piecewise interpolation (or shape)
functions over triangular subregions making up the whole region as a method to
obtain approximate numerical solutions. In 1947 Levy [4] developed the flexibility or
force method, and in 1953 his work [5] suggested that another method (the stiffness
or displacement method) could be a promising alternative for use in analyzing stati-
cally redundant aircraft structures. However, his equations were cumbersome to
solve by hand, and thus the method became popular only with the advent of the
high-speed digital computer.

In 1954 Argyris and Kelsey [6, 7] developed matrix structural analysis methods
using energy principles. This development illustrated the important role that energy
principles would play in the finite element method.

The first treatment of two-dimensional elements was by Turner et al. [8] in 1956.
They derived stiffness matrices for truss elements, beam elements, and two-dimensional
triangular and rectangular elements in plane stress and outlined the procedure
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commonly known as the direct stiffness method for obtaining the total structure stiff-
ness matrix. Along with the development of the high-speed digital computer in the
early 1950s, the work of Turner et al. [8] prompted further development of finite ele-
ment stiffness equations expressed in matrix notation. The phrase finite element was
introduced by Clough [9] in 1960 when both triangular and rectangular elements
were used for plane stress analysis.

A flat, rectangular-plate bending-element stiffness matrix was developed by
Melosh [10] in 1961. This was followed by development of the curved-shell bending-
element stiffness matrix for axisymmetric shells and pressure vessels by Grafton and
Strome [11] in 1963.

Extension of the finite element method to three-dimensional problems with the
development of a tetrahedral stiffness matrix was done by Martin [12] in 1961, by
Gallagher et al. [13] in 1962, and by Melosh [14] in 1963. Additional three-dimensional
elements were studied by Argyris [15] in 1964. The special case of axisymmetric solids
was considered by Clough and Rashid [16] and Wilson [17] in 1965.

Most of the finite element work up to the early 1960s dealt with small strains
and small displacements, elastic material behavior, and static loadings. However,
large deflection and thermal analysis were considered by Turner et al. [18] in 1960
and material nonlinearities by Gallagher et al. [13] in 1962, whereas buckling prob-
lems were initially treated by Gallagher and Padlog [19] in 1963. Zienkiewicz et al.
[20] extended the method to visco-elasticity problems in 1968.

In 1965 Archer [21] considered dynamic analysis in the development of the
consistent-mass matrix, which is applicable to analysis of distributed-mass systems
such as bars and beams in structural analysis.

With Melosh’s [14] realization in 1963 that the finite element method could be
set up in terms of a variational formulation, it began to be used to solve nonstructural
applications. Field problems, such as determination of the torsion of a shaft,
fluid flow, and heat conduction, were solved by Zienkiewicz and Cheung [22] in
1965, Martin [23] in 1968, and Wilson and Nickel [24] in 1966.

Further extension of the method was made possible by the adaptation of weighted
residual methods, first by Szabo and Lee [25] in 1969 to derive the previously known
elasticity equations used in structural analysis and then by Zienkiewicz and Parekh [26]
in 1970 for transient field problems. It was then recognized that when direct formula-
tions and variational formulations are difficult or not possible to use, the method of
weighted residuals may at times be appropriate. For example, in 1977 Lyness et al. [27]
applied the method of weighted residuals to the determination of magnetic field.

In 1976 Belytschko [28, 29] considered problems associated with large-displacement
nonlinear dynamic behavior, and improved numerical techniques for solving the
resulting systems of equations. For more on these topics, consult the text by
Belytschko, Liu, and Moran [58].

A relatively new field of application of the finite element method is that of bioen-
gineering [30, 31]. This field is still troubled by such difficulties as nonlinear materials,
geometric nonlinearities, and other complexities still being discovered.

From the early 1950s to the present, enormous advances have been made in the
application of the finite element method to solve complicated engineering problems.
Engineers, applied mathematicians, and other scientists will undoubtedly continue to
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develop new applications. For an extensive bibliography on the finite element method,
consult the work of Kardestuncer [32], Clough [33], or Noor [57].

d 1.2 Introduction to Matrix Notation d
Matrix methods are a necessary tool used in the finite element method for purposes of
simplifying the formulation of the element stiffness equations, for purposes of long-
hand solutions of various problems, and, most important, for use in programming
the methods for high-speed electronic digital computers. Hence matrix notation repre-
sents a simple and easy-to-use notation for writing and solving sets of simultaneous
algebraic equations.

Appendix A discusses the significant matrix concepts used throughout the text.
We will present here only a brief summary of the notation used in this text.

A matrix is a rectangular array of quantities arranged in rows and columns that is

often used as an aid in expressing and solving a system of algebraic equations. As examples
of matrices that will be described in subsequent chapters, the force components ðF1x;
F1y;F1z;F2x;F2y;F2z; . . . ;Fnx;Fny;FnzÞ acting at the various nodes or points ð1; 2; . . . ; nÞ
on a structure and the corresponding set of nodal displacements ðd1x; d1y; d1z;
d2x; d2y; d2z; . . . ; dnx; dny; dnzÞ can both be expressed as matrices:

fFg ¼ F ¼

F1x

F1y

F1z

F2x

F2y

F2z

..

.

Fnx

Fny

Fnz

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>;

fdg ¼ d ¼

d1x

d1y

d1z

d2x

d2y

d2z

..

.

dnx

dny

dnz

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>;

ð1:2:1Þ

The subscripts to the right of F and d identify the node and the direction of force or
displacement, respectively. For instance, F1x denotes the force at node 1 applied in
the x direction. The matrices in Eqs. (1.2.1) are called column matrices and have a
size of n� 1. The brace notation f g will be used throughout the text to denote a col-
umn matrix. The whole set of force or displacement values in the column matrix is
simply represented by fFg or fdg. A more compact notation used throughout this
text to represent any rectangular array is the underlining of the variable; that is, F
and d denote general matrices (possibly column matrices or rectangular matrices—
the type will become clear in the context of the discussion associated with the
variable).

The more general case of a known rectangular matrix will be indicated by use of
the bracket notation ½ �. For instance, the element and global structure stiffness
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matrices ½k� and ½K �, respectively, developed throughout the text for various element
types (such as those in Figure 1–1 on page 10), are represented by square matrices
given as

½k� ¼ k ¼

k11 k12 . . . k1n

k21 k22 . . . k2n

..

. ..
. ..

.

kn1 kn2 . . . knn

2
66664

3
77775 ð1:2:2Þ

½K � ¼ K ¼

K11 K12 . . . K1n

K21 K22 . . . K2n

..

. ..
. ..

.

Kn1 Kn2 . . . Knn

2
66664

3
77775 ð1:2:3Þand

where, in structural theory, the elements kij and Kij are often referred to as stiffness
influence coefficients.

You will learn that the global nodal forces F and the global nodal displacements
d are related through use of the global stiffness matrix K by

F ¼ Kd ð1:2:4Þ

Equation (1.2.4) is called the global stiffness equation and represents a set of simulta-
neous equations. It is the basic equation formulated in the stiffness or displacement
method of analysis. Using the compact notation of underlining the variables, as in
Eq. (1.2.4), should not cause you any difficulties in determining which matrices are
column or rectangular matrices.

To obtain a clearer understanding of elements Kij in Eq. (1.2.3), we use Eq.
(1.2.1) and write out the expanded form of Eq. (1.2.4) as

F1x

F1y

..

.

Fnz

8>>>><
>>>>:

9>>>>=
>>>>;
¼

K11 K12 . . . K1n

K21 K22 . . . K2n

..

.

Kn1 Kn2 . . . Knn

2
66664

3
77775

d1x

d1y

..

.

dnz

8>>>><
>>>>:

9>>>>=
>>>>;

ð1:2:5Þ

Now assume a structure to be forced into a displaced configuration defined by
d1x ¼ 1; d1y ¼ d1z ¼ 	 	 	 dnz ¼ 0. Then from Eq. (1.2.5), we have

F1x ¼ K11 F1y ¼ K21; . . . ;Fnz ¼ Kn1 ð1:2:6Þ

Equations (1.2.6) contain all elements in the first column of K . In addition, they show
that these elements, K11;K21; . . . ;Kn1, are the values of the full set of nodal forces
required to maintain the imposed displacement state. In a similar manner, the second
column in K represents the values of forces required to maintain the displaced state
d1y ¼ 1 and all other nodal displacement components equal to zero. We should now
have a better understanding of the meaning of stiffness influence coefficients.

1.2 Introduction to Matrix Notation d 5
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Subsequent chapters will discuss the element stiffness matrices k for various ele-
ment types, such as bars, beams, and plane stress. They will also cover the procedure
for obtaining the global stiffness matrices K for various structures and for solving
Eq. (1.2.4) for the unknown displacements in matrix d.

Using matrix concepts and operations will become routine with practice; they
will be valuable tools for solving small problems longhand. And matrix methods are
crucial to the use of the digital computers necessary for solving complicated problems
with their associated large number of simultaneous equations.

d 1.3 Role of the Computer d
As we have said, until the early 1950s, matrix methods and the associated finite ele-
ment method were not readily adaptable for solving complicated problems. Even
though the finite element method was being used to describe complicated structures,
the resulting large number of algebraic equations associated with the finite element
method of structural analysis made the method extremely difficult and impractical to
use. However, with the advent of the computer, the solution of thousands of equations
in a matter of minutes became possible.

The first modern-day commercial computer appears to have been the Univac,
IBM 701 which was developed in the 1950s. This computer was built based on
vacuum-tube technology. Along with the UNIVAC came the punch-card technology
whereby programs and data were created on punch cards. In the 1960s, transistor-
based technology replaced the vacuum-tube technology due to the transistor’s reduced
cost, weight, and power consumption and its higher reliability. From 1969 to the late
1970s, integrated circuit-based technology was being developed, which greatly
enhanced the processing speed of computers, thus making it possible to solve
larger finite element problems with increased degrees of freedom. From the late
1970s into the 1980s, large-scale integration as well as workstations that introduced a
windows-type graphical interface appeared along with the computer mouse. The first
computer mouse received a patent on November 17, 1970. Personal computers had
now become mass-market desktop computers. These developments came during the
age of networked computing, which brought the Internet and the World Wide Web.
In the 1990s the Windows operating system was released, making IBM and IBM-
compatible PCs more user friendly by integrating a graphical user interface into the
software.

The development of the computer resulted in the writing of computational pro-
grams. Numerous special-purpose and general-purpose programs have been written
to handle various complicated structural (and nonstructural) problems. Programs
such as [46–56] illustrate the elegance of the finite element method and reinforce
understanding of it.

In fact, finite element computer programs now can be solved on single-processor
machines, such as a single desktop or laptop personal computer (PC) or on a cluster of
computer nodes. The powerful memories of the PC and the advances in solver pro-
grams have made it possible to solve problems with over a million unknowns.

6 d 1 Introduction
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To use the computer, the analyst, having defined the finite element model, inputs
the information into the computer. This information may include the position of the
element nodal coordinates, the manner in which elements are connected, the material
properties of the elements, the applied loads, boundary conditions, or constraints,
and the kind of analysis to be performed. The computer then uses this information
to generate and solve the equations necessary to carry out the analysis.

d 1.4 General Steps of the Finite Element Method d
This section presents the general steps included in a finite element method formulation
and solution to an engineering problem.We will use these steps as our guide in develop-
ing solutions for structural and nonstructural problems in subsequent chapters.

For simplicity’s sake, for the presentation of the steps to follow, we will consider
only the structural problem. The nonstructural heat-transfer and fluid mechanics
problems and their analogies to the structural problem are considered in Chapters 13
and 14.

Typically, for the structural stress-analysis problem, the engineer seeks to deter-
mine displacements and stresses throughout the structure, which is in equilibrium
and is subjected to applied loads. For many structures, it is difficult to determine the
distribution of deformation using conventional methods, and thus the finite element
method is necessarily used.

There are two general direct approaches traditionally associated with the finite
element method as applied to structural mechanics problems. One approach, called
the force, or flexibility, method, uses internal forces as the unknowns of the problem.
To obtain the governing equations, first the equilibrium equations are used. Then nec-
essary additional equations are found by introducing compatibility equations. The
result is a set of algebraic equations for determining the redundant or unknown forces.

The second approach, called the displacement, or stiffness, method, assumes the
displacements of the nodes as the unknowns of the problem. For instance, compatibil-
ity conditions requiring that elements connected at a common node, along a common
edge, or on a common surface before loading remain connected at that node, edge, or
surface after deformation takes place are initially satisfied. Then the governing equa-
tions are expressed in terms of nodal displacements using the equations of equilibrium
and an applicable law relating forces to displacements.

These two direct approaches result in different unknowns (forces or displace-
ments) in the analysis and different matrices associated with their formulations (flexi-
bilities or stiffnesses). It has been shown [34] that, for computational purposes, the dis-
placement (or stiffness) method is more desirable because its formulation is simpler for
most structural analysis problems. Furthermore, a vast majority of general-purpose
finite element programs have incorporated the displacement formulation for solving
structural problems. Consequently, only the displacement method will be used
throughout this text.

Another general method that can be used to develop the governing equations for
both structural and nonstructural problems is the variational method. The variational
method includes a number of principles. One of these principles, used extensively

1.4 General Steps of the Finite Element Method d 7
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throughout this text because it is relatively easy to comprehend and is often intro-
duced in basic mechanics courses, is the theorem of minimum potential energy that
applies to materials behaving in a linear-elastic manner. This theorem is explained
and used in various sections of the text, such as Section 2.6 for the spring element,
Section 3.10 for the bar element, Section 4.7 for the beam element, Section 6.2 for
the constant-strain triangle plane stress and plane strain element, Section 9.1 for the
axisymmetric element, Section 11.2 for the three-dimensional solid tetrahedral ele-
ment, and Section 12.2 for the plate bending element. A functional analogous to that
used in the theorem of minimum potential energy is then employed to develop the
finite element equations for the nonstructural problem of heat transfer presented in
Chapter 13.

Another variational principle often used to derive the governing equations is the
principle of virtual work. This principle applies more generally to materials that
behave in a linear-elastic fashion, as well as those that behave in a nonlinear fashion.
The principle of virtual work is described in Appendix E for those choosing to use it
for developing the general governing finite element equations that can be applied spe-
cifically to bars, beams, and two- and three-dimensional solids in either static or
dynamic systems.

The finite element method involves modeling the structure using small intercon-
nected elements called finite elements. A displacement function is associated with each
finite element. Every interconnected element is linked, directly or indirectly, to every
other element through common (or shared) interfaces, including nodes and/or bound-
ary lines and/or surfaces. By using known stress/strain properties for the material
making up the structure, one can determine the behavior of a given node in terms of
the properties of every other element in the structure. The total set of equations
describing the behavior of each node results in a series of algebraic equations best
expressed in matrix notation.

We now present the steps, along with explanations necessary at this time, used in
the finite element method formulation and solution of a structural problem. The pur-
pose of setting forth these general steps now is to expose you to the procedure gener-
ally followed in a finite element formulation of a problem. You will easily understand
these steps when we illustrate them specifically for springs, bars, trusses, beams, plane
frames, plane stress, axisymmetric stress, three-dimensional stress, plate bending, heat
transfer, and fluid flow in subsequent chapters. We suggest that you review this section
periodically as we develop the specific element equations.

Keep in mind that the analyst must make decisions regarding dividing the struc-
ture or continuum into finite elements and selecting the element type or types to be
used in the analysis (step 1), the kinds of loads to be applied, and the types of bound-
ary conditions or supports to be applied. The other steps, 2–7, are carried out auto-
matically by a computer program.

Step 1 Discretize and Select the Element Types

Step 1 involves dividing the body into an equivalent system of finite elements with
associated nodes and choosing the most appropriate element type to model most
closely the actual physical behavior. The total number of elements used and their

8 d 1 Introduction
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variation in size and type within a given body are primarily matters of engineering
judgment. The elements must be made small enough to give usable results and yet
large enough to reduce computational effort. Small elements (and possibly higher-
order elements) are generally desirable where the results are changing rapidly, such
as where changes in geometry occur; large elements can be used where results are rel-
atively constant. We will have more to say about discretization guidelines in later
chapters, particularly in Chapter 7, where the concept becomes quite significant. The
discretized body or mesh is often created with mesh-generation programs or prepro-
cessor programs available to the user.

The choice of elements used in a finite element analysis depends on the physical
makeup of the body under actual loading conditions and on how close to the actual
behavior the analyst wants the results to be. Judgment concerning the appropriateness
of one-, two-, or three-dimensional idealizations is necessary. Moreover, the choice
of the most appropriate element for a particular problem is one of the major tasks
that must be carried out by the designer/analyst. Elements that are commonly
employed in practice—most of which are considered in this text—are shown in
Figure 1–1.

The primary line elements [Figure 1–1(a)] consist of bar (or truss) and beam ele-
ments. They have a cross-sectional area but are usually represented by line segments.
In general, the cross-sectional area within the element can vary, but throughout this
text it will be considered to be constant. These elements are often used to model
trusses and frame structures (see Figure 1–2 on page 16, for instance). The simplest
line element (called a linear element) has two nodes, one at each end, although
higher-order elements having three nodes [Figure 1–1(a)] or more (called quadratic,
cubic, etc. elements) also exist. Chapter 10 includes discussion of higher-order line ele-
ments. The line elements are the simplest of elements to consider and will be discussed
in Chapters 2 through 5 to illustrate many of the basic concepts of the finite element
method.

The basic two-dimensional (or plane) elements [Figure 1–1(b)] are loaded by
forces in their own plane (plane stress or plane strain conditions). They are triangular
or quadrilateral elements. The simplest two-dimensional elements have corner nodes
only (linear elements) with straight sides or boundaries (Chapter 6), although there
are also higher-order elements, typically with midside nodes [Figure 1–1(b)] (called
quadratic elements) and curved sides (Chapters 8 and 10). The elements can have var-
iable thicknesses throughout or be constant. They are often used to model a wide
range of engineering problems (see Figures 1–3 and 1–4 on pages 17 and 18).

The most common three-dimensional elements [Figure 1–1(c)] are tetrahedral
and hexahedral (or brick) elements; they are used when it becomes necessary to per-
form a three-dimensional stress analysis. The basic three-dimensional elements
(Chapter 11) have corner nodes only and straight sides, whereas higher-order elements
with midedge nodes (and possible midface nodes) have curved surfaces for their sides
[Figure 1–1(c)].

The axisymmetric element [Figure 1–1(d)] is developed by rotating a triangle or
quadrilateral about a fixed axis located in the plane of the element through 360
. This
element (described in Chapter 9) can be used when the geometry and loading of the
problem are axisymmetric.

1.4 General Steps of the Finite Element Method d 9

Copyright 2007 Cengage Learning. All Rights Reserved.
May not be copied, scanned, or duplicated, in whole or in part.

Licensed to:



1 2

y

x
1 2 3

y

x

(a) Simple two-noded line element (typically used to represent a bar or beam element) and the
higher-order line element
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(b) Simple two-dimensional elements with corner nodes (typically used to represent plane stress/
strain) and higher-order two-dimensional elements with intermediate nodes along the sides

Irregular hexahedral

1
2

3

5

64

7
8

Regular hexahedral

4

32

1

x

y

z

Tetrahedrals

(c) Simple three-dimensional elements (typically used to represent three-dimensional stress state)
and higher-order three-dimensional elements with intermediate nodes along edges
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3

(d) Simple axisymmetric triangular and quadrilateral elements used for axisymmetric problems

Figure 1–1 Various types of simple lowest-order finite elements with corner
nodes only and higher-order elements with intermediate nodes
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Step 2 Select a Displacement Function

Step 2 involves choosing a displacement function within each element. The function is
defined within the element using the nodal values of the element. Linear, quadratic,
and cubic polynomials are frequently used functions because they are simple to work
with in finite element formulation. However, trigonometric series can also be used.
For a two-dimensional element, the displacement function is a function of the coordi-
nates in its plane (say, the x-y plane). The functions are expressed in terms of the
nodal unknowns (in the two-dimensional problem, in terms of an x and a y compo-
nent). The same general displacement function can be used repeatedly for each ele-
ment. Hence the finite element method is one in which a continuous quantity, such
as the displacement throughout the body, is approximated by a discrete model com-
posed of a set of piecewise-continuous functions defined within each finite domain or
finite element.

Step 3 Define the Strain=Displacement and Stress=Strain
Relationships

Strain/displacement and stress/strain relationships are necessary for deriving the equa-
tions for each finite element. In the case of one-dimensional deformation, say, in the x
direction, we have strain ex related to displacement u by

ex ¼
du

dx
ð1:4:1Þ

for small strains. In addition, the stresses must be related to the strains through the
stress/strain law—generally called the constitutive law. The ability to define the mate-
rial behavior accurately is most important in obtaining acceptable results. The simplest
of stress/strain laws, Hooke’s law, which is often used in stress analysis, is given by

sx ¼ Eex ð1:4:2Þ

where sx ¼ stress in the x direction and E ¼ modulus of elasticity.

Step 4 Derive the Element Stiffness Matrix and Equations

Initially, the development of element stiffness matrices and element equations was
based on the concept of stiffness influence coefficients, which presupposes a back-
ground in structural analysis. We now present alternative methods used in this text
that do not require this special background.

Direct Equilibrium Method

According to this method, the stiffness matrix and element equations relating nodal
forces to nodal displacements are obtained using force equilibrium conditions for a
basic element, along with force/deformation relationships. Because this method is
most easily adaptable to line or one-dimensional elements, Chapters 2, 3, and 4 illus-
trate this method for spring, bar, and beam elements, respectively.
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Work or Energy Methods

To develop the stiffness matrix and equations for two- and three-dimensional elements,
it is much easier to apply a work or energy method [35]. The principle of virtual
work (using virtual displacements), the principle of minimum potential energy, and
Castigliano’s theorem are methods frequently used for the purpose of derivation of
element equations.

The principle of virtual work outlined in Appendix E is applicable for any mate-
rial behavior, whereas the principle of minimum potential energy and Castigliano’s
theorem are applicable only to elastic materials. Furthermore, the principle of virtual
work can be used even when a potential function does not exist. However, all three
principles yield identical element equations for linear-elastic materials; thus which
method to use for this kind of material in structural analysis is largely a matter of con-
venience and personal preference. We will present the principle of minimum potential
energy—probably the best known of the three energy methods mentioned here—in
detail in Chapters 2 and 3, where it will be used to derive the spring and bar element
equations. We will further generalize the principle and apply it to the beam element
in Chapter 4 and to the plane stress/strain element in Chapter 6. Thereafter, the prin-
ciple is routinely referred to as the basis for deriving all other stress-analysis stiffness
matrices and element equations given in Chapters 8, 9, 11, and 12.

For the purpose of extending the finite element method outside the structural
stress analysis field, a functional1 (a function of another function or a function that
takes functions as its argument) analogous to the one to be used with the principle of
minimum potential energy is quite useful in deriving the element stiffness matrix and
equations (see Chapters 13 and 14 on heat transfer and fluid flow, respectively). For
instance, letting p denote the functional and f ðx; yÞ denote a function f of two vari-
ables x and y, we then have p ¼ pð f ðx; yÞÞ, where p is a function of the function f .
A more general form of a functional depending on two independent variables uðx; yÞ
and vðx; yÞ, where independent variables are x and y in Cartesian coordinates, is
given by:

p ¼
ð ð

F ðx; y; u; v; ux; uy; vx; vy; uxx; . . . ; vyyÞdx dy ð1:4:3Þ

Methods of Weighted Residuals

The methods of weighted residuals are useful for developing the element equations;
particularly popular is Galerkin’s method. These methods yield the same results as
the energy methods wherever the energy methods are applicable. They are especially
useful when a functional such as potential energy is not readily available. The
weighted residual methods allow the finite element method to be applied directly to
any differential equation.

1 Another definition of a functional is as follows: A functional is an integral expression that implicitly con-

tains differential equations that describe the problem. A typical functional is of the form IðuÞ ¼Ð
Fðx; u; u 0Þ dx where uðxÞ; x, and F are real so that IðuÞ is also a real number.
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Galerkin’s method, along with the collocation, the least squares, and the subdo-
main weighted residual methods are introduced in Chapter 3. To illustrate each
method, they will all be used to solve a one-dimensional bar problem for which a
known exact solution exists for comparison. As the more easily adapted residual
method, Galerkin’s method will also be used to derive the bar element equations in
Chapter 3 and the beam element equations in Chapter 4 and to solve the combined
heat-conduction/convection/mass transport problem in Chapter 13. For more infor-
mation on the use of the methods of weighted residuals, see Reference [36]; for addi-
tional applications to the finite element method, consult References [37] and [38].

Using any of the methods just outlined will produce the equations to describe
the behavior of an element. These equations are written conveniently in matrix
form as

f1
f2
f3

..

.

fn

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
¼

k11 k12 k13 . . . k1n

k21 k22 k23 . . . k2n

k31 k32 k33 . . . k3n

..

. ..
.

kn1 . . . knn

2
6666664

3
7777775

d1

d2

d3

..

.

dn

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ð1:4:4Þ

or in compact matrix form as

f f g ¼ ½k�fdg ð1:4:5Þ

where f f g is the vector of element nodal forces, ½k� is the element stiffness matrix
(normally square and symmetric), and fdg is the vector of unknown element nodal
degrees of freedom or generalized displacements, n. Here generalized displacements
may include such quantities as actual displacements, slopes, or even curvatures. The
matrices in Eq. (1.4.5) will be developed and described in detail in subsequent chapters
for specific element types, such as those in Figure 1–1.

Step 5 Assemble the Element Equations to Obtain the Global
or Total Equations and Introduce Boundary Conditions

In this step the individual element nodal equilibrium equations generated in step 4 are
assembled into the global nodal equilibrium equations. Section 2.3 illustrates this con-
cept for a two-spring assemblage. Another more direct method of superposition
(called the direct stiffness method ), whose basis is nodal force equilibrium, can be
used to obtain the global equations for the whole structure. This direct method is illus-
trated in Section 2.4 for a spring assemblage. Implicit in the direct stiffness method is
the concept of continuity, or compatibility, which requires that the structure remain
together and that no tears occur anywhere within the structure.

The final assembled or global equation written in matrix form is

fFg ¼ ½K�fdg ð1:4:6Þ
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where fFg is the vector of global nodal forces, ½K � is the structure global or total stiff-
ness matrix, (for most problems, the global stiffness matrix is square and symmetric)
and fdg is now the vector of known and unknown structure nodal degrees of freedom
or generalized displacements. It can be shown that at this stage, the global stiffness
matrix ½K � is a singular matrix because its determinant is equal to zero. To remove
this singularity problem, we must invoke certain boundary conditions (or constraints
or supports) so that the structure remains in place instead of moving as a rigid body.
Further details and methods of invoking boundary conditions are given in subsequent
chapters. At this time it is sufficient to note that invoking boundary or support condi-
tions results in a modification of the global Eq. (1.4.6). We also emphasize that the
applied known loads have been accounted for in the global force matrix fFg.

Step 6 Solve for the Unknown Degrees of Freedom
(or Generalized Displacements)

Equation (1.4.6), modified to account for the boundary conditions, is a set of simulta-
neous algebraic equations that can be written in expanded matrix form as

F1

F2

..

.

Fn

8>>>><
>>>>:

9>>>>=
>>>>;
¼

K11 K12 . . . K1n

K21 K22 . . . K2n

..

. ..
.

Kn1 Kn2 . . . Knn

2
66664

3
77775

d1

d2

..

.

dn

8>>>><
>>>>:

9>>>>=
>>>>;

ð1:4:7Þ

where now n is the structure total number of unknown nodal degrees of freedom.
These equations can be solved for the ds by using an elimination method (such as
Gauss’s method) or an iterative method (such as the Gauss–Seidel method). These
two methods are discussed in Appendix B. The ds are called the primary unknowns,
because they are the first quantities determined using the stiffness (or displacement)
finite element method.

Step 7 Solve for the Element Strains and Stresses

For the structural stress-analysis problem, important secondary quantities of strain
and stress (or moment and shear force) can be obtained because they can be directly
expressed in terms of the displacements determined in step 6. Typical relationships
between strain and displacement and between stress and strain—such as Eqs. (1.4.1)
and (1.4.2) for one-dimensional stress given in step 3—can be used.

Step 8 Interpret the Results

The final goal is to interpret and analyze the results for use in the design/analysis pro-
cess. Determination of locations in the structure where large deformations and large
stresses occur is generally important in making design/analysis decisions. Postproces-
sor computer programs help the user to interpret the results by displaying them in
graphical form.
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d 1.5 Applications of the Finite Element Method d
The finite element method can be used to analyze both structural and nonstructural
problems. Typical structural areas include

1. Stress analysis, including truss and frame analysis, and stress
concentration problems typically associated with holes, fillets, or other
changes in geometry in a body

2. Buckling
3. Vibration analysis

Nonstructural problems include

1. Heat transfer
2. Fluid flow, including seepage through porous media
3. Distribution of electric or magnetic potential

Finally, some biomechanical engineering problems (which may include stress
analysis) typically include analyses of human spine, skull, hip joints, jaw/gum tooth
implants, heart, and eye.

We now present some typical applications of the finite element method. These
applications will illustrate the variety, size, and complexity of problems that can be
solved using the method and the typical discretization process and kinds of elements used.

Figure 1–2 illustrates a control tower for a railroad. The tower is a three-
dimensional frame comprising a series of beam-type elements. The 48 elements are
labeled by the circled numbers, whereas the 28 nodes are indicated by the uncircled
numbers. Each node has three rotation and three displacement components associated
with it. The rotations (ys) and displacements (ds) are called the degrees of freedom.
Because of the loading conditions to which the tower structure is subjected, we have
used a three-dimensional model.

The finite element method used for this frame enables the designer/analyst
quickly to obtain displacements and stresses in the tower for typical load cases, as
required by design codes. Before the development of the finite element method and
the computer, even this relatively simple problem took many hours to solve.

The next illustration of the application of the finite element method to problem
solving is the determination of displacements and stresses in an underground box cul-
vert subjected to ground shock loading from a bomb explosion. Figure 1–3 shows the
discretized model, which included a total of 369 nodes, 40 one-dimensional bar or
truss elements used to model the steel reinforcement in the box culvert, and 333
plane strain two-dimensional triangular and rectangular elements used to model the
surrounding soil and concrete box culvert. With an assumption of symmetry, only
half of the box culvert need be analyzed. This problem requires the solution of nearly
700 unknown nodal displacements. It illustrates that different kinds of elements (here
bar and plane strain) can often be used in one finite element model.

Another problem, that of the hydraulic cylinder rod end shown in Figure 1–4,
was modeled by 120 nodes and 297 plane strain triangular elements. Symmetry was
also applied to the whole rod end so that only half of the rod end had to be analyzed,
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as shown. The purpose of this analysis was to locate areas of high stress concentration
in the rod end.

Figure 1–5 shows a chimney stack section that is four form heights high (or a
total of 32 ft high). In this illustration, 584 beam elements were used to model the ver-
tical and horizontal stiffeners making up the formwork, and 252 flat-plate elements
were used to model the inner wooden form and the concrete shell. Because of the
irregular loading pattern on the structure, a three-dimensional model was necessary.
Displacements and stresses in the concrete were of prime concern in this problem.

Figure 1–2 Discretized railroad control tower (28 nodes, 48 beam elements) with
typical degrees of freedom shown at node 1, for example (By D. L. Logan)
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Figure 1–6 shows the finite element discretized model of a proposed steel
die used in a plastic film-making process. The irregular geometry and associated
potential stress concentrations necessitated use of the finite element method to obtain
a reasonable solution. Here 240 axisymmetric elements were used to model the three-
dimensional die.

Figure 1–7 illustrates the use of a three-dimensional solid element to model a
swing casting for a backhoe frame. The three-dimensional hexahedral elements are

Figure 1–3 Discretized model of an underground box culvert (369 nodes, 40 bar
elements, and 333 plane strain elements) [39]
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Figure 1–4 Two-dimensional analysis of a hydraulic cylinder rod end (120 nodes,
297 plane strain triangular elements)

Figure 1–5 Finite element model of a chimney stack section (end view rotated 45
)
(584 beam and 252 flat-plate elements) (By D. L. Logan)
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necessary to model the irregularly shaped three-dimensional casting. Two-dimensional
models certainly would not yield accurate engineering solutions to this problem.

Figure 1–8 illustrates a two-dimensional heat-transfer model used to determine
the temperature distribution in earth subjected to a heat source—a buried pipeline
transporting a hot gas.

Figure 1–9 shows a three-dimensional finite element model of a pelvis bone with
an implant, used to study stresses in the bone and the cement layer between bone and
implant.

Finally, Figure 1–10 shows a three-dimensional model of a 710G bucket, used
to study stresses throughout the bucket.

These illustrations suggest the kinds of problems that can be solved by the finite
element method. Additional guidelines concerning modeling techniques will be pro-
vided in Chapter 7.

d 1.6 Advantages of the Finite Element Method d
As previously indicated, the finite element method has been applied to numerous
problems, both structural and nonstructural. This method has a number of advan-
tages that have made it very popular. They include the ability to

1. Model irregularly shaped bodies quite easily
2. Handle general load conditions without difficulty

Figure 1–6 Model of a high-strength steel die (240 axisymmetric elements) used in
the plastic film industry [40]
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3. Model bodies composed of several different materials because the
element equations are evaluated individually

4. Handle unlimited numbers and kinds of boundary conditions
5. Vary the size of the elements to make it possible to use small elements

where necessary
6. Alter the finite element model relatively easily and cheaply
7. Include dynamic effects
8. Handle nonlinear behavior existing with large deformations and

nonlinear materials

The finite element method of structural analysis enables the designer to detect
stress, vibration, and thermal problems during the design process and to evaluate design
changes before the construction of a possible prototype. Thus confidence in the accept-
ability of the prototype is enhanced. Moreover, if used properly, the method can
reduce the number of prototypes that need to be built.

Even though the finite element method was initially used for structural analysis,
it has since been adapted to many other disciplines in engineering and mathematical
physics, such as fluid flow, heat transfer, electromagnetic potentials, soil mechanics,
and acoustics [22–24, 27, 42–44].

Figure 1–7 Three-dimensional solid element model of a swing casting for a
backhoe frame
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Figure 1–8 Finite element model for a two-dimensional temperature distribution in
the earth

Figure 1–9 Finite element model of a
pelvis bone with an implant (over 5000
solid elements were used in the model)
(> Thomas Hansen/Courtesy of
Harrington Arthritis Research Center,
Phoenix, Arizona) [41]
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d 1.7 Computer Programs for d
the Finite Element Method

There are two general computer methods of approach to the solution of problems by
the finite element method. One is to use large commercial programs, many of which
have been configured to run on personal computers (PCs); these general-purpose pro-
grams are designed to solve many types of problems. The other is to develop many
small, special-purpose programs to solve specific problems. In this section, we will discuss
the advantages and disadvantages of both methods. We will then list some of the
available general-purpose programs and discuss some of their standard capabilities.

Some advantages of general-purpose programs:

1. The input is well organized and is developed with user ease in mind.
Users do not need special knowledge of computer software or
hardware. Preprocessors are readily available to help create the finite
element model.

2. The programs are large systems that often can solve many types of
problems of large or small size with the same input format.

3. Many of the programs can be expanded by adding new modules for
new kinds of problems or new technology. Thus they may be kept
current with a minimum of effort.

4. With the increased storage capacity and computational efficiency of
PCs, many general-purpose programs can now be run on PCs.

5. Many of the commercially available programs have become very
attractive in price and can solve a wide range of problems [45, 56].

Some disadvantages of general-purpose programs:

1. The initial cost of developing general-purpose programs is high.
2. General-purpose programs are less efficient than special-purpose

programs because the computer must make many checks for each
problem, some of which would not be necessary if a special-purpose
program were used.

3. Many of the programs are proprietary. Hence the user has little access
to the logic of the program. If a revision must be made, it often has to
be done by the developers.

Some advantages of special-purpose programs:

1. The programs are usually relatively short, with low development costs.
2. Small computers are able to run the programs.
3. Additions can be made to the program quickly and at a low cost.
4. The programs are efficient in solving the problems they were designed

to solve.

The major disadvantage of special-purpose programs is their inability to solve
different classes of problems. Thus one must have as many programs as there are dif-
ferent classes of problems to be solved.
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There are numerous vendors supporting finite element programs, and the inter-
ested user should carefully consult the vendor before purchasing any software. How-
ever, to give you an idea about the various commercial personal computer programs
now available for solving problems by the finite element method, we present a partial
list of existing programs.

1. Algor [46]
2. Abaqus [47]
3. ANSYS [48]
4. COSMOS/M [49]
5. GT-STRUDL [50]
6. MARC [51]
7. MSC/NASTRAN [52]
8. NISA [53]
9. Pro/MECHANICA [54]

10. SAP2000 [55]
11. STARDYNE [56]

Standard capabilities of many of the listed programs are provided in the preced-
ing references and in Reference [45]. These capabilities include information on

1. Element types available, such as beam, plane stress, and three-
dimensional solid

2. Type of analysis available, such as static and dynamic
3. Material behavior, such as linear-elastic and nonlinear
4. Load types, such as concentrated, distributed, thermal, and displace-

ment (settlement)
5. Data generation, such as automatic generation of nodes, elements, and

restraints (most programs have preprocessors to generate the mesh for
the model)

6. Plotting, such as original and deformed geometry and stress and
temperature contours (most programs have postprocessors to aid in
interpreting results in graphical form)

7. Displacement behavior, such as small and large displacement and buckling
8. Selective output, such as at selected nodes, elements, and maximum or

minimum values

All programs include at least the bar, beam, plane stress, plate-bending, and three-
dimensional solid elements, and most now include heat-transfer analysis capabilities.

Complete capabilities of the programs are best obtained through program refer-
ence manuals and websites, such as References [46–56].
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d Problems

1.1 Define the term finite element.

1.2 What does discretization mean in the finite element method?

1.3 In what year did the modern development of the finite element method begin?

1.4 In what year was the direct stiffness method introduced?

1.5 Define the term matrix.

1.6 What role did the computer play in the use of the finite element method?

1.7 List and briefly describe the general steps of the finite element method.

1.8 What is the displacement method?

1.9 List four common types of finite elements.

1.10 Name three commonly used methods for deriving the element stiffness matrix and
element equations. Briefly describe each method.

1.11 To what does the term degrees of freedom refer?

1.12 List five typical areas of engineering where the finite element method is applied.

1.13 List five advantages of the finite element method.
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